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Abstract. A highly accurate derivative recovery formula is presented for the k-order

finite element approximations to the two-point boundary value problems. This formula

possesses the superconvergence of O(hk+1) order on the whole domain in L∞ norm and

the ultraconvergence of O(h2k) order at the mesh points, and also the lowest regularity

requirement for the exact solutions. Numerical experiments are given to verify the high

accuracy of our formula.
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1 Introduction

It is well known that for the finite elements of Lagrange type we can not
directly calculate the derivative values at the mesh points because of the
discontinuity of the derivative functions of finite element solutions. Tradi-
tionally, the difference quotient methods are used to produce the derivative
values by means of the function values, but the approximation accuracy is
not good enough. In recent years, many derivative recovery techniques are
presented in order to obtain the approximations of finite element derivatives.
For examples, the averaging technique, the Z-Z patch recovery technique and
the patch interpolating recovery technique, etc., see, for example, [2-3, 5-11].
Usually, these methods possess superconvergence of one order higher than
the optimal convergence rates of finite element approximations in derivative
and require the exact solutions to be in W 3

∞ at least.
In this article, we will establish a new highly accurate derivative recov-

ery formula for the k-order finite element approximations to the two-point
boundary value problems. It will be seen that our formula has the following
global superconvergence:

‖u′ −Ru′h‖0,∞ ≤ Chk+1‖u‖k+1,p, p > 1, k ≥ 1, (1)


