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Campus do Pici, Bl. 914, 60455-760, Fortaleza, CE, Brazil.

email: cleonbar@mat.ufc.br
2Department of Mathematics, National University of Ireland, Galway, Ireland.

email: donal.oregan@nuigalway.ie
3Department of Mathematical Sciences, Florida Institute of Technology,

Melbourne, FL 32901-6975, USA.
email: agarwal@fit.edu

Abstract. We establish the existence of solutions for a differential equation in Banach

spaces. Our analysis relies on two approaches, one using the notion of φ-space together

with a fixed point theorem for weakly sequentially continuous maps which are φ-condensing

and the other using the Banach contraction principle.

Keywords. Differential equations in Banach spaces, weak topology, weakly sequentially

continuous, fixed point.

AMS (MOS) subject classification: 45N05, 65L05, 47H10.

1 Introduction

In this paper we shall consider the following integral problem

u(t) = u0 +
∫ t

0

f(t, u) on I, u0 ∈ E, (1)

where E is a Banach space, I = [0, 1] and f is a 1-parameter family of maps
of E into E, i.e, f : I × E → E. The integral in (1) is understood to be the
Pettis integral. It is well-known [4] that some classes of solutions of (1) solve
the Cauchy problem

u′ = f(t, u) on I, u(0) = u0. (2)

For the case ‖f(t, x)‖ ≤ M in a cylinder P ⊆ R × E, for instance, the
existence of weak solutions for the corresponding problem over a reflexive
space, first proved by Szep [1], solves (2). In this setting, O’Regan [2] proved
an existence result for (1) assuming the following conditions:

(H1) For each u : I → E, the map f(·, u) : I → E is Pettis integrable,

(H2) For each t ∈ I, the map f(t, ·) : E → E is weakly sequentially continu-
ous,


