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Abstract. In this article, we study the solution of heat equation which is related to

the spectrum and the kernel which is so called the generalized Laplace Bessel heat kernel.

Moreover, such the generalized Laplace Bessel heat kernel has interesting properties and

also related to the kernel of an extension of the Bessel heat equation.
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1 Introduction

The casual fundamental solution 𝐶(𝑥, 𝑡) is the particular solution of

∂𝐸

∂𝑡
− 𝑎Δ𝐸 = 𝛿(𝑥)𝛿(𝑡)

which vanishes identically for 𝑡 < 0. Thus 𝐶(𝑥, 𝑡) satisfies

∂𝐶

∂𝑡
− 𝑎Δ𝐶 = 𝛿(𝑥)𝛿(𝑡), 𝐶 ≡ 0 for 𝑡 < 0.

The causal fundamental solution 𝐶(𝑥, 𝑡) has a direct physical interpretation;
it is the temperature distribution in a medium which is at zero temperature
up to time 𝑡 = 0, when a concentrated source is introduced at 𝑥 = 0, this
source instantaneously releasing a unit of heat. Although 𝐶 is defined for all
𝑡 and 𝑥, its calculation presents a problem only for 𝑡 > 0(𝐶 = 0 for 𝑡 < 0).
This immediately suggests a slightly different point of view; for 𝑡 > 0 no
sources are present, so that 𝐶 satisfies the homogeneous equation and must
reduce, at 𝑡 = 0+, to a certain initial temperature. This initial temperature
is the one to which the medium has been raised just after the introduction
of an instantaneous concentrated source of unit strength. We now show that
this initial temperature is 𝛿(𝑥).

It is known that the one-dimensional diffusion equation

∂𝑢(𝑥, 𝑡)

∂𝑡
= 𝐷

∂2𝑢(𝑥, 𝑡)

∂𝑥2
,


