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Abstract. In this paper, we show that curvature conditions on a manifold control the

topology of plane sections of the manifolds and then characterize compact 𝑛-manifold with

𝐶2-boundary in terms of the topology of plane sections. We make use of the characteriza-

tion to obtain a new lower bound for the integral of mean curvature for a certain kind of

compact 𝑛-manifolds with 𝐶2-boundary in 𝑅𝑛.
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1 Introduction

Let 𝑀 ⊂ 𝑅𝑛+1 be a hypersurface of (𝑛 + 1)-dimensional Euclidean spaces.
In a neighborhood of any point 𝑝 of 𝑀 there is a unit normal vector field
𝜈 : 𝑀 → 𝑆𝑛 ⊂ 𝑅𝑛+1, unique up to sign, and hence a second fundamental
form II : TpM × TpM → R (which is defined up to sign). We also have the
map 𝑑𝜈 : 𝑇𝑝𝑀 → 𝑇𝑝𝑀 with

II (Xp ,Yp) = < −𝑑𝜈(𝑋𝑝), 𝑌𝑝 >

= − < ∇𝑋𝑝𝜈, 𝑌𝑝 >

= < ∇𝑋𝑝𝑌, 𝜈(𝑝) > .

But < ∇𝑋𝑝𝑌, 𝜈(𝑝) >=< 𝑆(𝑋𝑝, 𝑌𝑝), 𝜈(𝑝) >, where 𝑆(𝑋𝑝, 𝑌𝑝) =⊥ (∇𝑋𝑝𝑌 ).
Thus −𝑑𝜈 : 𝑇𝑝𝑀 → 𝑇𝑝𝑀 is a symmetric linear transformation. We define
principal curvatures at 𝑝 to be the eigenvalues corresponding to the unit
eigenvectors for −𝑑𝜈. It is obvious that all the principal curvatures at any
point on the compact convex 𝐶2-boundary are nonnegative.

The well-known characterization of compact convex set by G. Aumann

0This research was partially supported by KOSEF R01-2004-000-10183-0(2006). G.
Kim is the corresponding author.


