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Abstract. We investigate the existence of solutions for a nonlinear fractional q-difference

equation involving two fractional orders and both non-integral and integral nonlinearities

with three-point nonlocal boundary conditions. The existence results are established by

means of some classical tools of fixed point theory. An illustrative example is also discussed.

Keywords. Fractional; q-difference equations; q-integral; nonlocal boundary conditions;

existence; fixed point

AMS (MOS) subject classification: 34A08, 34B10, 34B15.

Dynam. Cont. Dis. Ser. A, vol. 21, no. 1, pp. 135-151, 2014.



References
[1] G. Bangerezako, q-difference linear control systems, J. Difference Equ. Appl. 17,

(2011) 1229-1249.

[2] G. Bangerezako, Variational q-calculus, J. Math. Anal. Appl. 289, (2004) 650-665.

[3] J.D. Logan, First integrals in the discrete variational calculus, Acquat. Math. 9,
(1973) 210-220.

[4] M. Bettayeb and S. Djennoune, Controllability and the observability of linear discrete-
time fractional-order systems, Int. J. Appl. Math. Comput. Sci. 18, (2008)
213-222.

[5] Z. Bartosiewicz and E. Pawluszewicz, Realizations of linear control systems on time
scales, Control & Cybernet, 35, (2006) 769-786.

[6] D. Mozyrska and Z. Bartosiewicz, On observability concepts for nonlinear discrete-
time fractional order control systems, New Trends in Nanotechnology and Fractional
Calculus Applications, 4, (2010) 305-312.

[7] T. Abdeljawad, F. Jarad and D. Baleanu, Variational optimal-control problems with
delayed arguments on time scales, Adv. Difference Equ. Art. ID 840386, (2009)
15 pp.

[8] F. Mainardi, Fractional calculus: Some basic problems in continuum and statistical
mechanics, in: A. Carpinteri, F. Mainardi (Eds.), Fractals and Fractional calculus
in Continuum Mechanics, Springer-Verlag, New York, 1997.

[9] O. Agrawal, Some generalized fractional calculus operators and their applications
in integral equations, Fract. Calc. Appl. Anal. 15, (2012) 700-711.

[10] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.

[11] A.A. Kilbas, H.M. Srivastava and J.J. Trujillo, Theory and Applications of Frac-
tional Differential Equations, North-Holland Mathematics Studies, 204. Elsevier
Science B.V., Amsterdam, 2006.

[12] D. Baleanu, K. Diethelm, E. Scalas and J. J.Trujillo, Fractional calculus models and
numerical methods. Series on Complexity, Nonlinearity and Chaos, World Scientific,
Boston, 2012.

[13] N.J. Ford and M. Luisa Morgado, Fractional boundary value problems: Analysis
and numerical methods, Fract. Calc. Appl. Anal. 14, (2011) 554-567.

[14] B. Ahmad and J.J. Nieto, Sequential fractional differential equations with three-
point boundary conditions, Comput. Math. Appl. 64, (2012) 3046-3052.

[15] D. O’Regan and S. Stanek, Fractional boundary value problems with singularities
in space variables, Nonlinear Dynam. 71, (2013) 641-652.

[16] B. Ahmad and J.J. Nieto, Boundary Value Problems for a Class of Sequential In-
tegrodifferential Equations of Fractional Order, J. Funct. Spaces Appl. Art. ID
149659, (2013) 8 pp.

[17] L. Zhang, B. Ahmad, G. Wang and R.P. Agarwal, Nonlinear fractional integro-
differential equations on unbounded domains in a Banach space, J. Comput. Appl.
Math. 249, (2013) 51-56.

[18] X. Liu, M. Jia and W. Ge, Multiple solutions of a p-Laplacian model involving a
fractional derivative, Adv. Difference Equ. 2013:126 (2013) 12 pp.

[19] O.P. Agrawal, Formulation of Euler-Lagrange equations for fractional variational
problems, J. Math. Anal. Appl. 272 (2002) 368–379.

[20] O.P. Agrawal, A general formulation and solution scheme for fractional optimal
control problems, Nonlinear Dynam. 38, (2004) 323-337.

2



[21] O.P. Agrawal. A formulation and numerical scheme for fractional optimal control
problems, J. Vib. Control, 14, (2008) 1291?299.

[22] G.S.F. Frederico, D.F.M. Torres, Fractional conservation laws in optimal control
theory, Nonlinear Dynam. 53, (2008) 215-222.

[23] G.S.F. Frederico, D.F.M. Torres, Fractional optimal control in the sense of Caputo
and the fractional Noethers theorem, Int. Math. Forum, 3, (2008) 479–493.

[24] Z.D. Jelicic, N. Petrovacki, Optimality conditions and a solution scheme for frac-
tional optimal control problems, Struct. Multidiscip. Optim. 38, (2009) 571–581.

[25] G.M. Mophoua and G.M. NGuerekata, Optimal control of a fractional diffusion
equation with state constraints, Comput. Math. Appl. 62, (2011) 1413?426.

[26] X.W. Tangpong, O.P. Agrawal, Fractional Optimal Control of a Continum System,
ASME J. Vib. Acoustics, 131, (2009) 021012.

[27] W. A. Al-Salam, Some fractional q-integrals and q-derivatives, Proc. Edinb. Math.
Soc. 15, (1966-1967) 135-140.

[28] R. Agarwal, Certain fractional q-integrals and q-derivatives, Proc. Cambridge Phi-
los. Soc. 66, (1969) 365-370.

[29] R. Ferreira, Nontrivial solutions for fractional q-difference boundary value problems,
Electron. J. Qual. Theory Differ. Equ. 70, (2010) pp. 1-10.

[30] C. S. Goodrich, Existence and uniqueness of solutions to a fractional difference
equation with nonlocal conditions, Comput.Math. Appl. 61, (2011) 191-202.

[31] F. M. Atici, P. W. Eloe, Two-point boundary value problems for finite fractional
difference equations, J. Difference Equ. Appl. 17, (2011) 445-456.

[32] J. Ma and J. Yang, Existence of solutions for multi-point boundary value problem
of fractional q-difference equation, Electron. J. Qual. Theory Differ. Equ. No. 92,
(2011) pp. 1-10.

[33] J. R. Graef and L. Kong, Positive solutions for a class of higher order boundary
value problems with fractional q-derivatives, Appl. Math. Comput. 218, (2012)
9682-9689.

[34] B. Ahmad, S. K. Ntouyas, I. K. Purnaras, Existence results for nonlocal boundary
value problems of nonlinear fractional q-difference equations, Adv. Difference Equ.
2012:140, (2012) 15pp.

[35] C. S. Goodrich, On discrete sequential fractional boundary value problems, J. Math.
Anal. Appl. 385, (2012) 111-124.

[36] R.A.C. Ferreira, Existence and uniqueness of solution to some discrete fractional
boundary value problems of order less than one, J. Difference Equ. Appl. 19,
(2013) 712-718.

[37] L. Yang, H. Chen, L. Luo, Z. Luo, Successive iteration and positive solutions
for boundary value problem of nonlinear fractional q-difference equation, J. Ap-
pl. Math. Comput. 42, (2013) 89-102.

[38] G.C. Wu, D. Baleanu, New applications of the variational iteration method–from
differential equations to q-fractional difference equations, Adv. Difference Equ.
2013:21, (2013) 16pp.

[39] M.H. Annaby, Z.S. Mansour, q-Fractional Calculus and Equations, Lecture Notes
in Mathematics 2056, Springer-Verlag, Berlin, 2012.

[40] V. A. Il’in, Optimization of boundary control by displacement or by an elastic
force at one end of a string under a model nonlocal boundary condition (Russian),
Tr. Mat. Inst. Steklova, 268 (2010), Differentsialnye Uravneniya i Topologiya. I,
124-136; translation in Proc. Steklov Inst. Math. 268, (2010) 117-129.

3



[41] E. I. Moiseev, A. A. Kholomeeva, Optimal boundary control by displacement of
string vibrations with a nonlocal nonparity condition of the first kind (Russian),
Differ. Uravn. 46, (2010) 1623-1630; translation in Differ. Equ. 46, (2010) 1624-
1630.

[42] A. A. Kholomeeva, Optimal boundary control of string vibrations with a model
nonlocal boundary condition of one of two types (Russian), Dokl. Akad. Nauk,
437, (2011) 164-167; translation in Dokl. Math. 83, (2011) 171-174.

[43] Y.A. Sharifov, Optimality conditions in problems of control over systems of impul-
sive differential equations with nonlocal boundary conditions, Ukrainian Math. J.,
64, (2012) 958-970.

[44] D. Devadze, V. Beridze, An algorithm of the solution of an optimal control problem
for a nonlocal problem, Bull. Georgian Natl. Acad. Sci. (N.S.) 7, (2013) 44-48.

[45] P.M. Rajkovic, S.D. Marinkovic, M.S. Stankovic, On q-analogues of Caputo deriva-
tive and Mittag-Leffler function, Fract. Calc. Appl. Anal. 10, (2007) 359-373.

[46] R. Ferreira, Positive solutions for a class of boundary value problems with fractional
q-differences, Comput. Math. Appl. 61, (2011) 367-373.

[47] P. M. Rajkovic, S. D. Marinkovic, M. S. Stankovic, Fractional integrals and deriva-
tives in q-calculus, Appl. Anal. Discrete Math. 1, (2007) 311-323.

[48] D.R. Smart, Fixed Point Theorems, Cambridge University Press, 1980.

[49] A. Granas, J. Dugundji, Fixed Point Theory, Springer-Verlag, New York, 2003.

Received January 2013; revised January 2014.

email: journal@monotone.uwaterloo.ca
http://monotone.uwaterloo.ca/∼journal/

4


