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Abstract. We study the dynamics of shear triggered swimming plankton in simple hydro-

dynamic flows of increasing complexity building on the classical solution due to Stokes for

a viscous half space above an oscillating plate. Even though the Navier-Stokes equations

that govern fluid flow linearize in this situation, the plankton, or Lagrangian, response

is nonlinear. We characterize both the Eulerian response and the nonlinear Lagrangian

response. The Eulerian analysis demonstrates that there is a cut-off swimming velocity

below which no periodic behaviour is possible. The precise value of the cutoff depends on

the amplitude of the harmonic driving. The Lagrangian analysis demonstrates that for

commensurate frequencies a net horizontal transport is possible, while for incommensurate

frequencies the spectrum of the motion exhibits a systematic increase of high frequency

components and in some cases very complex phase space behaviour. Nevertheless, the

phase portraits for varying initial conditions remain translations of one another implying

that no chaotic behaviour results. Finally, we demonstrate that in striking contrast to the

Lagrnagian analysis, Eulerian analysis does not discriminate between perturbations with

commensurate and incommensurate frequency.
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1 Introduction

Nonlinear phenomena can arise from a biological response to linear flows. In
the accompanying paper we have discussed how the flee response of swim-
ming plankton, triggered by either shear or acceleration of the ambient fluid
exceeding a critical value, yields a limit cycle response. We have also out-
lined a simple experiment, inspired by classical techniques in rheology [9],
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that allows for the discrimination between a shear triggered or acceleration
triggered response for a particular plankton species. See [3] for field mea-
surements which inspired these investigations, and [8] for related modelling
of a shear response.

In this manuscript we further explore the nonlinearities introduced by
the plankton’s ability to swim. The results are extended beyond the simplest
limit cycles introduced in the accompanying paper by exploring the effects of
multiple driving frequencies. The Eulerian flow for the simple configuration
of a viscous fluid above an oscillating plate is linear, yielding the superposi-
tion of the solution for each driving frequency [5]. This retains the decoupling
of plankton motion into driving by flow in the horizontal direction, and swim-
ming and sinking in the vertical direction, but increases the complexity of
the driving.

The swimming plankton problem is a modification of the Lagrangian fluid
particle problem. It is not linear in even the simplest case, with further
complications introduced when inertia is considered [1]. In this manuscript
we consider the case of a primary driving frequency with one perturbation.
The nature of the particle paths in the two driving frequency case depends
on whether or not the frequencies are commensurate as well as the strength
of the perturbation driving frequency. When the two driving frequencies are
commensurate we demonstrate that the symmetry necessary for the limit
cycle is broken and a net horizontal transport results. In contrast, when
the two frequencies are incommensurate, the symmetry breaking of the limit
cycle is more complex. In many cases this yields a “smeared” limit cycle,
but we also explicitly demonstrate an instance of very complex phase space
behaviour that bears little resemblance to the basic limit cycle solution.

To quantify how the amplitude of the perturbation driving frequency
influences the region of phase space that the response covers we use a tiling
algorithm we call the “tiling fraction.” We find that perturbation frequencies
that are lower than the primary driving frequency yield the largest increase
in tiling fraction; in some cases reaching approximately 0.5. When the tiling
fraction is plotted as a function of the amplitude of the forcing, the resulting
curve is not monotonic: the primary forcing is assumed to have an amplitude
of 1, and when perturbation amplitudes are larger than 0.4 there is a decrease
in tiling fraction.

We also examine Eulerian transport, demonstrating that while the La-
grangian analysis is qualitatively different for the cases of commensurate and
incommensurate driving frequencies, the transport is essentially unchanged.
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The results presented provide a concrete example of how even simple
biological responses to hydrodynamic cues may greatly effect Lagrangian
particle motion.

2 Methods

The basic motion of the fluid above the oscillating plate is described by the
same simplification of the Navier Stokes equations as in the accompanying
paper. The only non-zero component of the velocity field is given by

u(z, t) = U0 cos(ωt−mz) exp(−mz), (1)

while the vertical component is zero. Here

m =

√
ω

2ν
. (2)

where ν is the kinematic viscosity. It can be seen that the vertical decay
scale of motion (Ld = 1/m) and vertical period of oscillation (Lo = 2π/m)
scale with the square root of viscosity, and the square root of the period of
oscillation Tp = 2π/ω . When the plate’s motion is a combination of two
frequencies u(0, t) = cos(ωt) + a2 cos(ω2t) the motion will be a superposition
of two profiles of the form (1) due to the linearity of the geometrically reduced
Navier Stokes equations.

By analogy with the definition of a field line, the motion of the particles
can be expressed as

d~x

dt
= ~ufluid(x(t), z(t), t) + ~uparticle(x(t), z(t), t) (3)

which for our situation simplifies to

d~x

dt
= [u(z(t), t), 0] + [0, wsink +H(|uz(z(t), t)| − ucritical

z )wswim]. (4)

In the accompanying manuscript we have discussed the design of experiments
that can determine whether swimming is triggered by shear or acceleration.
As in this previous work, we choose wsink to be a constant and model the
triggered response using a Heaviside function: if the value of the flow param-
eter is higher than the critical value ucritical

z the particles swim up. We thus
have a swimming behaviour that acts only in the vertical direction and a flow
which acts only in the horizontal direction. This is the simplest nontrivial
coupling of these two mechanisms and will be referred to as the Lagrangian
model. In the text below, the various formulae will be presented with a shear
triggered swimming behaviour.
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Even the Lagrangian model, which is the simplest form of nontrivial cou-
pling between the fluid dynamics and particle swimming, has an explicit
time dependence in the right hand side of the differential equations for the
particle position. This means that much of the intuition from the study of
autonomous differential equations does not apply. However, due to the sim-
plicity of the system a relatively simple Eulerian analysis can be carried out.
The first point to note is that both the fluid flow and the swimming be-
haviour have no explicit x dependence and hence the phase space behaviour
is translation invariant in the horizontal direction. At each z the cumulative
vertical transport can be defined as

Wcum(z, t) =

∫ t

0

[
−wsink + wswimH(|uz(z(s), s)| − ucritical

z )
]
ds. (5)

This expression is meaningful regardless of whether the motion of the un-
derlying plate that drives the motion is taken to be a single frequency or a
combination of multiple frequencies. However, when there is a single driving
frequency T may be taken to be the period. Similarly when there are mul-
tiple driving frequencies which are commensurate it is possible to find a T
for which all driving components have executed an integer multiple of their
periods T1 and T2, in other words mT1 = nT2 , for some integers m and n,
and we set

T = mT1 = nT2.

In this case it is possible to define a net transport that depends on height
above the plate only

Wtransport(z) =

∫ T

0

[
−wsink + wswimH(|uz(z(s), s)| − ucritical

z )
]
ds. (6)

For a fixed value of the critical shear the net transport is thus a function of
the ratio of the swimming speed to the sinking speed, or in other words, if

β =
wswim

wsink
. (7)

then

Wtransport(z)

wsink
=

∫ T

0

[
−1 + βH(|uz(z(s), s)| − ucritical

z )
]
ds. (8)
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3 Results

3.1 Single Driving Frequency
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Figure 1: Net vertical transport for a single driving frequency case as β varies.
For the left panel β = 2.0 (solid), and β = 1.25 (dashed). For the right panel
β = 1.025 (solid), and β = 1.002 (dashed). Note for the dashed curve in the
right panel there is no region of net upward transport.

In order for the particle to remain above the plate for all time, β > 1 is a
necessary condition. Figure 1 demonstrates the structure of the net trans-
port for various values of β in the single driving frequency case. The vertical
coordinate has been scaled by the initial particle position and the net trans-
port has been scaled by wsinkT so that in the event of no swimming the
transport will be equal to −1. When β = 2 net upward transport is evi-
dent for z < 0.56, while for z > 0.64 the shear is not sufficient to trigger
any swimming. When β is decreased to 1.25, the region over which some
swimming occurs, but is not strong enough to overcome the net downward
sinking, grows to encompass 0.45 < z < 0.64. For z < 0.45 a net upward
transport is observed. Panel (b) shows values of β close to 1, where we note
the different range of heights from panel (a). For the range of heights shown
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the case β = 1.002 never achieves a net positive transport. Despite the swim
speed exceeding the sinking speed, the transport is downward at the heights
shown. This means that the amount of time spent swimming is not enough
to overcome sinking. Note also, that this result is dependent on keeping the
strength of the harmonic driving fixed and a net upward transport could be
achieved by increasing the amplitude of the plate motion.

The Eulerian transport results suggest that the limit cycles observed over
a significant portion of parameter space are neither stable or unstable in the
sense of ODE theory. Direct calculation confirms that for identical critical
shears, different starting heights merely shift the limit cycles in the horizontal
direction. Figure 2 shows an example. The initial height is varied by 5%,
while all other the parameters are held fixed. It can be seen that the two
limit cycles are translated copies of one another, and indeed a translation of
the grey curve by 0.0132225 (derived at by trial and error computation) gives
a maximum distance less than 10−6 between the two limit cycles. Thus the
system, while simple to write down, is finely balanced in the sense that its
phase space behaviour is complex, yet with a simple dependence on initial
conditions. The remainder of the results section will explore some of the
unusual properties that result when this precise balance is disturbed.
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Figure 2: The effect of change in initial vertical position on the limit cycle.
The symbols indicate initial position.
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3.2 Multiple Driving Frequencies

The accompanying paper considered a single sinusoid driving frequency. We
will now consider the two driving frequency case. The primary sinusoid has
an amplitude of 1, and the perturbation sinusoid has an amplitude a2. The
form of the equation of plate motion is thus

u(z, t) = cos(ωt−mz) exp(−mz) + a2 cos(ω2t−m2z) exp(−m2z), (9)

with

m2 =

√
ω2

2ν
.

It can immediately be seen that a lower perturbation frequency implies that
fluid motion decays at a slower rate as one moves away from the plate.

3.2.1 Commensurate Frequencies: Net Transport
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Figure 3: Perturbed limit cycle with drift. This is the ω2 = 2ω, a2 = 0.2
case for equation 9. Output times at which swimming is “On” are indicated
by large black circles.
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Figure 3 shows an example in which the perturbation frequency is double
that of the primary frequency (ω2 = 2ω) and the perturbation amplitude
is 20% of the primary forcing (a2 = 0.2). The ratio of the decay lengths
exhibits a square root dependence and hence in this case m2 =

√
2m1. It is

evident that unlike in the limit cycle, the two lobes differ in size (compare
Figure 2). This size discrepancy is reflected in the mismatch between left-
ward and rightward advection, and leads to a net transport. It is also the
reason why the figure appears to show several ‘near’ limit cycles. While an
analogy may be drawn with Stokes drift [5], Stokes drift does not depend on
swimming behaviour. We have found that any two commensurate frequen-
cies we tried yielded net transport.

3.2.2 Incommensurate Frequencies: A More Complex Response

When the two driving frequencies are incommensurate, the precise balance
that leads to the behaviour shown in Figure 3 is not observed and more
complex behaviour can result. We consider a shear-triggered response to a
primary driving frequency of ω = 2π/10 ≈ 0.628 perturbed by a secondary
driving frequency ω2. We investigate two perturbations: one having a lower
frequency than the primary driving frequency, and one having a higher fre-
quency. We will show that perturbations with a lower frequency (ω2 < ω)
led to the most complex phase portrait, albeit with no evidence of chaotic
behaviour.

In Figure 4 we consider a case with a higher perturbation frequency ω2 =
1 > ω, and a significant amplitude a2 = 0.5. Despite the choice of a large
amplitude for the perturbation, the phase portrait appears as a “smeared”
version of the limit cycle shown in Figure 2. The time series of x and z in the
upper right panel show a modulation, and this explains the smearing of the
phase portrait. The base 10 windowed power spectra for these quantities,
shown in the bottom panel, decay rapidly up to a frequency of around 8,
with a set of packet–like peaks (albeit at much lower values) observed at
high frequencies.
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Figure 4: Two frequency driving ω2 = 1 > ω, a2 = 0.5. The phase portrait
is shown in the upper left panel, the mean-centered time series of x (black)
and z (grey) in the upper right panel and the power spectra of x (black) and
z (grey) in the lower panel.

In Figure 5 we show the corresponding information for a lower frequency
perturbation at a low amplitude, ω2 = 0.5 < ω, a2 = 0.05. The scales of
the individual panels have been kept unchanged from Figure 4 to allow im-
mediate comparison. It can be seen that the phase portrait is once again a
“smeared” version of the limit cycle shown in Figure 2. Similarly, the time
series of x and z show a modulation, but the power spectra decay exponen-
tially, albeit with a more regular packet like structure of the various peaks.
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Figure 5: Two frequency driving ω2 = 0.5 < ω, a2 = 0.05. The phase portrait
is shown in the upper left panel, the mean-centered time series of x (black)
and z (grey) in the upper right panel and the power spectra of x (black) and
z (grey) in the lower panel.

The response in the previous two examples is subtle. We systematically
increased the amplitude of the perturbation for a low perturbation frequency
case and discovered a much more pronounced response. Figure 6 illustrates
this case, which has a perturbation driving frequency and amplitude given
by ω2 = 0.5, a2 = 0.5. The phase portrait shown in the upper left panel
shows little resemblance to the tidy limit cycles of Figure 2, or their smeared
counterparts in Figures 4 or 5. Nevertheless, we confirmed that variations in
initial height still resulted in a phase portrait that was a horizontal translation
of that shown in Figure 6. The motion thus does not exhibit an exponentially
growing dependence on initial conditions, so the resulting behaviour is not
chaotic.

As in its counterpart plots, the upper right panel shows the mean-centered
time series of x (black) and z (grey). The base 10 logarithm of the windowed
power spectra for these curves are shown in the lower panel. A fairly broad-
band spectrum is evident (for frequencies between zero and about five), with
a stronger high frequency component for the z direction. This is sensible
since this is the direction effected by swimming.
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Figure 6: Two frequency driving ω2 = 0.5 < ω, a2 = 0.5. The phase portrait
is shown in the upper left panel, the mean-centered time series of x (black)
and z (grey) in the upper right panel and the power spectra of x (black) and
z (grey) in the lower panel.

In order to quantify the transition from the “smeared” limit cycle to
the more complex phase portrait shown in Figure 6 we computed a tiling
fraction as a function of a2 for both the low frequency and high frequency
perturbations. We defined a rectangular domain that encompassed the phase
portrait shown in Figure 6 using the maxima and minima x and z for the
phase portrait. It was then tiled several different times using a different
number of squares, where in each case we chose the same number of squares
in each direction. A box was considered full if a trajectory passed through
it, and a2 = 0 corresponds to the tiling fraction of the limit cycle of the
unperturbed case. For small numbers of boxes the measure is relatively
insensitive to changes in the detail of a phase portrait. The sensitivity of the
measure scales with the number of boxes used. This is shown consistently
by the results shown in Figure 7. Panel (a) shows the low frequency case
corresponding to the Figures 5 and 6. The tiling fraction can be seen to
grow rapidly as the perturbation is introduced, even though its value remains
below 0.2. For smaller numbers of boxes the tiling fraction saturates, while
for the largest number of boxes the increase in tiling fraction continues up to
about a2 = 0.4 with an unexpected decrease thereafter. A visual comparison
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of the phase portraits resulting when a2 = 0.4 and a2 = 0.5 (not shown)
suggests that the drop in tiling fraction with increased amplitude is the result
of more tightly packed trajectories in the a2 = 0.5 case. The high frequency
perturbation case shown in panel (b) is qualitatively different with tiling
fractions never reaching much beyond 0.2.
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Figure 7: Tiling fraction as a function of a2. (a) low frequency perturbation,
(b) high frequency perturbation.

3.2.3 Eulerian Analysis of Transport

Because the Lagrangian response is manifestly nonlinear, while the govern-
ing fluid dynamics are linear, it is worth returning to the Eulerian transport
analysis in order to compare vertical transport characteristics for the com-
mensurate and incommensurate two frequency cases. In the case of incom-
mensurate frequencies it is not possible to unambiguously define the T in
(6) and the expression (5) must be employed instead. In Figure 8 we show
the boundary between positive (below the curve) and negative (above the
curve) cumulative Eulerian transport Wcum(z, t) for two different perturba-
tion frequencies. The base frequency is chosen as 2π/10 and time is scaled
by the corresponding period. Panel (a) shows two cases with a2 = 0.2, and
amplitude that is representative of the cases discussed above. While many
different frequencies were investigated, for the figure ω2 = 2π/5 is shown
in black and ω2 = 4/3 is shown in grey. The values were chosen so that
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one is irrational an the other rational, but both have a similar value. It is
apparent that in contrast to the Lagrangian results reported above the Eu-
lerian transport characteristics of the two cases are essentially identical. We
systematically increased the amplitude of the perturbation driving, finding
results consistent with panel (a) up to a2 = 0.6. In order to demonstrate
that the results actually do depend on the perturbation, panel (b) shows
the results when a2 = 1. At this extreme perturbation amplitude (indeed
a semantic argument can be made that the perturbation should not even
be referred to as a perturbation at this value of a2) it is evident that some
differences in cumulative Eulerian transport are observed. Nevertheless for
perturbation amplitudes at which clear Lagrangian differences were observed
(see for example the tiling fraction results in Figure 7) the Eulerian transport
is largely unaffected by whether the perturbation frequency is commensurate
with the driving frequency.
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Figure 8: The boundary between positive (below the curve) and negative
(above the curve) cumulative Eulerian transport Wcum(z, t). Both panels
use the same perturbation frequencies: ω2 = 2π/5 (black) and ω2 = 4/3
(grey). (a) a2 = 0.2, (b) a2 = 1.
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4 Conclusions

We have investigated the response and transport of swimming plankton sub-
jected to hydrodynamic driving consisting of one and two frequencies. With a
single driving frequency we find that when the upward swimming is triggered
by a shear response, it is possible to have a net negative transport even when
swim speed exceeds sinking speed (see Figure 1 b)). As pointed out in [6],
if plankton swim and sink very slowly compared to the motion of the water,
then they can basically be kept in suspension (even if the swimming speed is
less than the sinking speed). Nevertheless, outside of this group we expect
that many, if not most, would have a swimming speed much faster than their
sinking speed. See for example Tables 1 and 2 in [7], which show that this
is the case for the zooplankter Calanus finmarchicus in various stages of its
development. Similarly Figure 2.15 of [6] shows that this holds for a vari-
ety of larger phytoplankton. This confirms the intuition that motile species
which sink fast enough that they would not simply be held in suspension
would require the ability to swim much faster than they sink. Otherwise,
nearly constant swimming would be required to maintain vertical position,
and vertical ascent would be very slow. This seems to impose an implausible
energy output requirement, and would also make it difficult if not impossible
to participate in daily vertical migrations. Therefore, we expect swimming
speed to be much faster than sinking speed across a wide range of plankton
species. We have shown that for shear triggered upward swimming this leads
to net upward transport in our single driving case. More complex configu-
rations would need to be considered on a case by case basis. The value of
β for various species would require additional observations or experiments
involving live plankton. It may be possible to rule out certain species having
a shear response using an energy budget analysis. This is a candidate for
future work.

We have found that for an oscillating plate a perturbation driving fre-
quency that is commensurate to the primary one is enough to induce a sys-
tematic horizontal transport (Figure 3). This occurs due to a break in the
symmetry of the limit cycle, with one side covering a systematically larger
portion of phase space. An incommensurate perturbation driving frequency
also broke symmetry but did so in a less systematic manner, meaning the
limit cycle was “smeared” (Figures 4 and 5). For the case of a low frequency
perturbation driving it was possible to induce complex phase space behaviour,
with little resemblance to the original limit cycle (Figure 6). We explored
the manner in which the transition to this complicated behaviour took place
by tracking the tiling fraction for a portion of phase space, using a varying
number of boxes to ensure the results were robust. We found that only low
frequency perturbations led to tiling fractions over 0.3. More generally, it
seems that lower frequency perturbations to the driving were most effective
at separating limit cycle trajectories. The strength of the perturbation also
tended to increase the area, but the tiling fraction was found to be a non-
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monotonic function of the amplitude of the perturbation driving frequency.
It may be that there is a similar phenomena when the perturbation frequency
is lowered too far.

The above discussion is useful for several reasons. Swimming plankton
models are quite easy to write down (for some examples see [2]), and relatively
easy to include in software that has the capacity for Lagrangian particles.
However, we have shown that the coupling of a simple swimming model and
a very simple flow can lead to complex particle trajectories. This should
serve as a cautionary tale that adding swimming plankton to more complex
flows may lead to an explosion of complexity. This should not preclude the
future construction of such models, but it does suggest that careful thought
should be put into the design of tools to analyze their output.

It is quite likely that real organisms have a swimming response that is far
less algorithmic than the simple model above, with the most obvious exam-
ple being an intrinsic variability in the amplitude of the critical shear trigger
across the population. As another example a constant β is an approxima-
tion. Clearly, plankton swim at more than one speed. Also some species of
plankton are able to change their density [?]. This would change their sinking
speed. We would therefore expect β to be a function of both time and space.
Still, the sinking and swimming speeds can be interpreted as averages of the
real quantities for modelling purposes, which was the approach we took here.
The above described model and its results provide a basic building block with
which a stochastic model can be analyzed. This is an obvious direction for
future research.

Only two driving frequencies in superposition were considered here, but
any number in superposition is possible. In this way any driving function
may be chosen and approximated by a finite number of sinusoids in super-
position. Clearly the analysis becomes much more complicated when the
analysis moves beyond the “primary driving with perturbation” setup. How-
ever this also presents an opportunity. In many geophysical contexts the
horizontal component of the flow dominates. If the flow in a plankter’s habi-
tat is known, it can be taken as the forcing function in the above model. By
approximating β, the motion of the plankton could then be modelled near
the bottom boundary layer. There are many opportunities for future work
here.

We only examined a response to shear, but there are many more hydro-
dynamic characteristics which could theoretically act as cues for a biological
response. In the accompanying paper, we considered a response to accel-
eration, but we could also consider a response to pressure, concentrations
of dissolved substances, light intensity, turbidity, and temperature, to name
but a few. These two works represent an attempt to systematically examine
and quantify theorized biological responses to hydrodynamic stimuli. This
requires a working knowledge of the scales and mechanisms of both the bio-
logical and hydrodynamic factors. For this reason this area of research is full
of opportunities for interdisciplinary cooperation.
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